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SUMMARY

A new data-based iterative self-optimizing approach to practical design (learning/adaptive process) of the
infinite-horizon LQ regulator is proposed. Optimality is given by a certain orthogonality condition of
response signals, and the global convergence of feedback gain is proved for MIMO systems by an
expansion of the Riccati equation. The design is applied to stabilizing control and steady state error-less
control of physical systems. Copyright © 2004 John Wiley & Sons, Ltd.
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regulator

1. INTRODUCTION

Although the use of a model had been regarded as essential for designing the LQ regulator, we
recently found some propositions concerning model-free (data-based) designs of the LQ
regulator [1-7] that give the regulator without knowing the system matrices. The model-free
minimum-variance control [8,9] seems applicable to the LQ problem as well. We also found a
prototype of model-free design in the 1960s in relation to the early modern control theory
[10,11]. However there exist various difficulties to apply them to physical systems, and
developing a useful method is desirable.

The purpose of this paper is to introduce a new data-based approach to the infinite-horizon
LQ controller design. That is aimed at developing practical algorithm. Kawamura primitively
noticed the key relation in the 1980s when he considered the dual relation of the well-known
orthogonality related to the Kalman filter. That led to some orthogonality relations between the
responses of the LQ regulator [12]. Those days were bright age of model-reference adaptive
control and model-based self-tuning regulator [13, 14], and the iterative learning control by
Arimoto et al. was also attractive [15, 16]. Those results were not applicable at all because they
were essentially different from the model-free LQ design. Since then, Kawamura and some
students have engaged in developing a related method, and they have reported many interim
results mainly in Japanese. Although it gave an alternative approach to the previous
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identification-based LQ design [1,2], (the latter is written in English), it could not alouse
sufficient interest of researchers.

The original model-free LQ design by Kawamura is characterized by calculation of the inner
product as sensitivity. The main drawback is its supersensitivity to a constant value, e.g. the
static friction of physical systems, because of the long-term calculation of the inner product.
Other different model-free LQ design methods have similar defect. We cannot obtain practicable
model-free LQ design without the overcoming. The current approach has been developed as a
countermeasure. It involves two new basic ideas:

® Introduction of a recursive (one-stage) data-based calculation of sensitivity of unknown
systems.
® Introduction of statistical data processing and its convergence analysis.

We refer to this new approach as the ‘recursive algorithm’.

2. RECURSIVE RELATION
2.1. Inner product of responses and sensitivity
First, we show some definitions. We study the linear time-invariant system
x(t + 1) = Ax(t) + Bu(?) (1)

defined on t =0, 1,2,... as the state x(¢) € R" and the input u(¢) € R”. We assume that the state
is directly measurable. Let

Cx(1)
(1) = (2)
Du(r)
be the generalized controlled output for <L — 1 where z(f) € R/, and let
2(L) = C1x(L). 3)

Let z denote the whole signal {z(0), z(1),...,z(L)}. Define an inner product [12] of two signals
z; and z, by
L-1

(21,220, = Y 210 22(0) + 21(L) ' 2(L)

t=0

—1

=D ' CTCx(n) + () DT Du(n)}
=0

+ x1(L)'CTCixy(L). “4)

Note that the standard LQ performance index is given by V; =<z,z); .
Consider the feedback input u(f) = Gx(¢) + v(t) where G € R™*" and v(¢) € R” is a pulse at
t = 0. Since <z, ;) is bi-linear with regard to the initial signals £,(0) = (x:(0)Tv;(0)")T, certain
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matrices I, T%, T = (I'*)T and T satisfy
{z1,22)) = él(O)TF@(O)
=x1(0) T*x2(0) + x1(0) T*'v2(0)
+ 11(0) T x2(0) + v1(0) T 73(0). (5)

This relation means that the matrices ', T'® and I'?” indicate the zero-, first- and second-
order sensitivities of the inner product with regard to the additional pulse v(0). We call
I' the fundamental sensitivity matrix. It plays the central role of this paper. Note that the
sensitivity is connected with the inner product though it is usually mentioned in relation to
the output.

The problem is the infinite-horizon LQ control problem in which we minimize the total cost
V. We use the following standard assumption:

Assumption 1

(4, B) is stabilizable, (C, A) is detectable and DTD > 0.

Under Assumption 1, it is well known that a time-invariant state feedback u(z) = Gx(¢)
comprises the stable infinite-horizon LQ optimal control [13]. Therefore we regard that the
problem is optimizing the time-invariant gain G € R"*" without information about 4 and B. We
study the problem in terms of the inner product.

2.2. Orthogonality condition

The fundamental problem of model-free design is how to judge the optimality of an unknown
system. First, we briefly explain the orthogonality of the LQ regulator as the key of this
approach. Let G € R™*", and let u(f) = Gx(¢) + v(f). Define two closed-loop response signals: z*
is an initial state response such that x%(0) € R" and v*(t) = 0; z” is a pulse response such that
xb(0) = 0, v*(0) € R” and V(1) = 0 for t>1.

Under Assumption 1, it was shown [12, 2] (the latter is an English paper) that G is the infinite-
horizon LQ gain if and only if

lim (z%, 2", =0 (6)
L—oo

for any x%(0) and v*(0).

Remark 1

Since we usually pay attention to the response Cx(f), orthogonality does not hold for the LQ
problem, and it was not mentioned in related literature. The vector output z(f) contains not only
Cx(t) but also the input factor Du(?) as in (2). The inner product of a signal with itself agrees
with the standard LQ performance index. This relation is crucial for the orthogonality.
Although the pulse is given at only ¢ = 0, the time-invariance of the system gives the optimality
at every ¢. The following is a brief explanation of (6): the optimal response (initial state response)
is orthogonal to a perturbation (pulse response). This is the dual relation of the orthogonality
between the optimal estimation error and the innovation [17]. The orthogonality led to the
original algorithm [1,2] (English).
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Long-term responses (L — 0o) are necessary to literally check this orthogonality, and
considerable signal processing is unavoidable. As the result, we have not developed a useful
model-free LQ design method. In order to solve it, we introduce the recursive algorithm with a
finite L. Although we can obtain similar results for any L = 1,2,..., we restrict our discussion
to L = 1. The reason is that the convergence proof is valid only if L = 1.

Let P = CICy >0 be the terminal cost matrix, and let z; (i = 1,2) be a response given by x;(0)
and u;(f) = Gx,(t) + vi(f) where v;(¢) is a pulse at t = 0. If L = 1, the inner product has the form,

(1,101 = 21(0)"22(0) + x1(1)T Pxa(1). (7

We have the following relations (see Appendix A).

Lemma 1

Suppose that (1), (2) and the feedback relation hold. Then the sensitivity matrices defined in (5)
are given for L = 1 by

I'““ = (4 + BG)' P(A + BG) + C"C + G"D'DG
> = (4+ BG)'PB+ G"™D"D
" = B"PB+ DD.
We transform the orthogonality to L = | provided that P has a special value indicated below
(see Appendix B for the proof).
Theorem 1

Suppose Assumption 1. Let P>=0 be the (n,n) matrix used in the right-hand side of (7). Then
G € R™" is the infinite-horizon LQ gain if and only if the matrices P and G satisfy

x(0)" Px(0) = <z, 2y, _
<Zan Zh>L:1 = 0
for any x“(0) € R" and v*(0) € R™.
In other words, a part of the sensitivity related to future data (r>1) is replaced with P.
Recalling definitions and Lemma 1, we also express the condition as P = I'“ and I'*” = 0. This

orthogonality condition corresponds to the algebraic Riccati equation as shown later.
We see this orthogonality in the simple first-order system:

i+ D) =x(0)+ut), C=1, D=+/2. (8)
The above responses (¢ < L) are
20" = ((1+G)x(0), /2G(1 + G)'x(0))
(0.v/2v(0)) (t=0)

20" =
(14 GV (0), V2G(1 + G) W) (t=1,2,..)).
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For a stabilizing gain such that —2<G <0, we have

o0
22y = x“(O){2G +(1+260)) 1+ 6y }vb(O).
t=0
On the other hand, the condition of Theorem 1 is
P=(+2G)+(1+G)*P
22" = x(0){2G + (1 + G)P}(0) = 0
by using (7). Applying the sum of the geometric series P, we have

1+2G)(1 - G)
22"y, =42y = x40 (—vbO =0
< >L—oo < >L_l ( ) 1— (1 + G)2 ( )
Since 1 — G = 0 means a divergence of (1 + G)*, the unique solution of these conditions is
1 +2G = 0, namely, G = —0.5. In comparison, the algebraic Riccati equation clearly gives the

positive solution P = 2 and the time-invariant LQ gain G = —0.5. They give the same LQ gain.

3. RECURSIVE ALGORITHM

3.1. New algorithm

The theorem suggests that we can obtain the LQ regulator by finding the matrices P and G that
satisfy the theorem. Because of (5), we directly obtain the sensitivities to optimize the system
from response data. In this section, we explain the recursive algorithm given from these ideas.
Detailed examination will be given later. Although we restrict the discussion to the basic state
feedback, refer to Section 7 for the output feedback.

The point of the model-free design is the estimate of the sensitivity matrix. Let k = 0,1,2,...
be the iteration number of changing gain. Let T} be the kth sequential group of sampling times.
Suppose that T} has at least n + m samples for each k (note that k is different from 7). Suppose
that Py, Hy and Gy are given at the beginning of 7). Feed the input

u(t) = Grx(1) + (1) &)

to the system on T}, and observe the response where v(f) € R™ is a signal with sufficient richness
(a white noise is typical).
Calculate a (n 4+ m,n + m) matrix 'y as

I =E H P IRSGIEGEEON

teTy seTy

+x(t + DT Prx(s + 1)}6(S)T} + 0’0 | Ex (10)

on the basis of response data where

—1 /
Ex = {Z Dt + 51} , U= (x( )> (11)

teTy V(l)
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are used to cancel individual data. The number 6 >0 is sufficiently small, 7 is the identity matrix
and I'y is a matrix such that F% > 0. A typical I'y is the block-diagonal matrix given by P, and

I where
) Ige T
T = (fba fbb)' (12
k k
The matrices Gy 1, Pry1 and Hy, | are given by response data on T} as follows. Determine the

following matrices:
Gr+1 =G + AGy

=Gy — (T + Hy) 'Th (13)
Py =T 4+ TYAG) + AGITY + AGITI AG,
=0 = TP + H) ™ ([ + 2H (0 + Hy) ™' T (14)

at the end of T}. Since the (m, m) matrix Hy >0 decreases the gain change AGy in (13), we can
select Hj as long as it satisfies

Hyyy = diHy + 2 T2 (15)
where 1j; and Ay, are any numbers such that
0<Aie <1, 0 Ay <1, (16)

If Gy, Py and H, are given, repetition of the above process gives a sequence of gains Gy,
G1,G,,... together with Py, Py,... and Hy, Hy,... as k=0,1,2,... on the basis of on-line
response data without information about 4 and B. The initial matrices need not be optimal. The
initial conditions are

Py=0, Hy=0, TW>0 (17)

and an example of I 88 is DTD. The initial gain Gy is any (m,n) matrix (typically Gy = 0).
We will prove that Gj converges to the LQ optimal gain as k& — 0co. Then we know
that this model-free design corresponds to the direct (implicit) method of adaptive
control.

Remark 2

The generalized minimum variance self-tuning regulator [20] is well-known, where a fixed
positive matrix P is used to calculate the performance. Roughly speaking, the matrix
is replaced with the variable Pj in the above, and we can optimize Py together with Gy as k
increases.

Remark 3

Let Ny be the number of elements of T;. The N; elements need not be consecutive sampling
times. If (4 + BGy) is unstable, it is necessary to reset the state repeatedly in observation of
responses. Note that (10) is composed of each data-pair at ¢ and 7+ 1. We can continue the
algorithm by excluding invalid data-pairs related to resets.
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Remark 4

The small elements of 67 and 6°T ' usually play no role. However, they (6 > 0) guarantee the
existence of &; and (fZ” + Hy) ! even if T} does not have n + m linearly independent (7). This
is similar to the recursive least-square method. If 6 = 0, it is necessary to continue observation
on T} until the inverses exist or by selecting a large Ny.

3.2. Explanation using a gradient method

We often discuss adaptive schemes in terms of gradient methods. For the LQ problem, gradient
methods are studied by Kawamura [18, 19]. The recursive algorithm occurred by extending the
Riccati equation as a gradient method. The following is developments from them.

The algorithm is composed of the estimate of the sensitivity and the optimization process.
Compare (10) with (5) by referring to (7) provided that z; = z, = z. The right-hand sides of
them are similar where each {z(¢), x(t + 1)} (¢ € T}) fragment of the real-time response z replaces
the unit-length response {z;(0), x;(1)}. Similarly, each v(f) fragment of v replaces the unit-length
pulse v;(0). Effect of individual signals are removed by multiplying Z;. We use the following
ideal assumption in the theoretical analysis:

Assumption 2

Data are given by (1), (2) and (9) exactly. The sum Z,ETA’ E()E(D)T is positive, and the small 6 is
negligible in (10) and (11).

Under this assumption, we understand I’ as follows (see Appendix C):

Lemma 2

Suppose Assumption 2. Then it follows that
I =T. (18)

In other words, I is an estimate of the sensitivity matrix under such uncertain data that do
not necessarily satisfy Assumption 2.

The remaining part is related to the optimization. We decompose the optimal control problem
(multi-stage optimization problem) into recursive one-stage problems, which we usually solve
backwards from the terminal time. Relation (14) is a gradient method for each one-stage
problem under Assumption 2. Determine matrix Py, so that xZ(O)TPkaZ(O) is the total cost
<z",2°);_, provided that x{(1) is given by Gy . Since Py is quadratic with respect to Gy, we
have the first equality of (14) by taking the gain change AGy into consideration. The second
equality follows by substituting (13). The recursive algorithm is composed of repetition of this
one-stage optimization, that is valid regardless of stability.

If H; = 0 as a special case, (14) gives the second-order gradient method (Newton method). If
the response has no irregular behaviour, the Newton method minimizes Pj. . In contrast, non-
linearity of physical systems causes inconsistency with Assumption 2, that leads to a random
error of f,’zf’ in (13). Then random variation of AG; does not vanish as k — o0o. It becomes
indispensable to construct the optimal system under uncertain information on system
sensitivity. Therefore, statistical treatment is inevitable.
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Stochastic approximation is the well-known statistical processing. However, it is especially
inadequate for unstable or nearly unstable feedback. It is necessary to reduce ||AGy|| with a
suitable ratio regardless of stability of 4 + BGy. We use Hy =0 to solve this problem.

Remark 5

Hjalmarsson ef al. [8, 9] proposed a considerably different iterative model-free method based on
the sensitivity limy_, o, dV;/dGy, that is different from T'x. Suppose that k is sufficiently large,
A + BGY is stable and the change of gain is negligible. Then we derive their relevance

o0
Jlim dv; = e de{z x“(t)x“(t)T}.

=0

These sensitivities have different dependence on G because x“(¢) depends on Gy. Therefore they
give quite different behaviours of convergence.
Remark 6

Introduction of H; and conditions (15) and (16) are based on an analogy of Landau’s adaptive
scheme [21]. Roughly speaking, we use a similar idea for the LQ problem by replacing the
system equation with the Riccati-like difference equation. Namely, the proof shown in Section
4.2 and Appendix E is related to [22, 23] (the latter is an extension of the former by regarding the
coefficient of gain correction as variable). A peculiar discussion of the LQ design is caused by
the fact that the error term of Py is not necessary non-negative.

4. CONVERGENCE ANALYSIS

4.1. Relation to the Riccati equation

It is important for the model-free design to prove the convergence of G at the LQ gain. Using
Lemma 2, we immediately obtain the following relation:

Theorem 2
Suppose Assumption 2. Then, the recursive algorithm (9)—(17) is equivalent to (12)—(17).

Referring to Lemmas 1 and 2, we know that the latter equations are written by the system
matrices. We analyse the convergence in terms of the matrices. Consider a special case Hy = 0

and Ay, = 0, namely, H; = 0. Then, we see the following relation by rewriting Gy, (see Appendix D):

Corollary 1

Suppose Assumption 2 and Hy = 0. Then, the recursive algorithm (9)—(17) is equivalent to the
Riccati difference equation and the related gain equation:

P =A"PA+ C'C — AP B(B"P.B+ D'D) 'B"P, 4 (19)
Gii1 = —(B"P B+ D"D) ' BT P, A. (20)
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It is well known that the above equations give the infinite-horizon LQ gain as k — oo
under Assumption 1. Therefore, the recursive algorithm leads to the LQ gain provided that
H; =0 [18]. Unfortunately this algorithm (H; = 0) is not necessarily practical for actual
systems with non-linearity as mentioned in Sections 6.1 and 6.2. The matrix Hj is a
countermeasure.

4.2. Convergence of gain

It becomes clear that the proof of the convergence of gain without assuming Hy = 0 is quite
important. It is asserted by Corollary 1 that (12)—(17) express an extension of the well-known
Riccati difference equation and the gain equation. Since such an extension has not been
discussed, it requires new progress in analysis. In fact, the convergence efficiency of G is inferior
to the Riccati difference equation for ideal systems. We obtain the following result (the
derivation is proposed in Appendix E):

Theorem 3

Suppose Assumptions 1 and 2. Let P, and G be given by (12)—(17). Then they converge at the
solution P*>0 of the algebraic Riccati equation and the time-invariant LQ gain G*.

Since we assume the ideal linear system, this analysis has the same level as basic results of
direct methods of adaptive control. This relation immediately gives the following important
result for the model-free design:

Corollary 2

Suppose Assumptions 1 and 2. Let Gy be given by the recursive algorithm (9)—(17). Then, Gy
converges at G* as k — 00.

Remark 7

This result guarantees the convergence without assuming the matching condition, positive-
real condition etc., that are necessary for Landau’s scheme or direct methods of adaptive
control. We can apply it to MIMO systems where the numbers of inputs and outputs are
different.

Remark 8

If (A + BG)) is unstable, the matrix P once diverges until (4 + BG}) becomes stable. After it is
stabilized, Py rapidly decreases. If the stabilizing of (4 + BGY) is not easy, Py and therefore Hj
may become extremely large before stabilization. This often causes numerical errors. We avoid
this as follows. Specify an upper limit (., so that (.. =tr(P*). Replace Pry with {{ax/
tr(Pys1)} Pryr provided that tr(Ppr1) > (ax-

Remark 9

The convergence rate is lowest if 1 = /lek = Nl In this case, Hy increases almost linearly as
k — oo. It is shown in Appendix E that GZH/(Gk — 0 where G, = G, — G*. It follows that the
lowest convergence rate of ||G, — G*| is, at least, (l/k)l/z.
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Remark 10

In order to optimize gain for stable but non-controllable modes, the state must be reset
frequently to these modes so that the state is sufficiently rich. However, this process is
unnecessary in many cases. In fact, the performance index is almost the same for sufficiently
large k even if Gy is not optimized for unexcited modes.

5. NUMERICAL CALCULATION

The recursive algorithm includes matrix inversion and products of matrices. A direct calcu-
lation of (10) requires O((n + m)’) multiplications at the end of each T}. Instead of the
calculation, the following iterative signal processing for the single input system (2 = 1) requires
O((n + 1)*) multiplications for each sampling time, and this is similar to standard adaptive
schemes.

Let W(), Y(¢), 2(r) and T'(r) be (Ln+ m), (n,n+m), (n+m,n+m) and (n+ m,n + m)
matrices, respectively. Their initial values are

1 . .
Y(t) =0, Y() =0, E()= 51, I'(#4) =To (21)

for each k. Their numerical calculation at each ¢ € T} is (see Appendix F)

W+ 1) = Y(@) + 2()é(n)T (22)
Y(2+ 1) = Y(0) + Pex(t + D@D (23)
E(t+ 1) = Z(r) — {EOEDMHED B ) + 137 HED 2 (@)} (24)

I(t+1) =T
+ E(t+ DEO{z(0) ™ (1) + x(t + DY ()L E( + 1)
— EO'TO]+ [EC + DY) 2()
+ Y0 x(r + 1)y = OO E(@ + 1)
+ Bt 4 DED() 2(t) + x(1 + DT Prx(t + 1)
+ &0 TOEDED EC + 1), (25)
We obtain the estimate I as the final value
Iy =T(tp + 1) (26)

where fg; is the final sampling time on each Tj. The total calculation is decreased at each
sampling time because they have only products of vectors with vectors or matrices.
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6. APPLICATIONS

6.1. Basic numerical simulation

For the simple example (8), the recursive algorithm gives the gain change shown in Figure 1(a)
where Py = Go=Hy=0, E®(t)*) =1, Ny =2 and 6 =0.000001. The sequence of gains
converges at the true LQ gain G* = —0.5 regardless of A; and Ay;. This result agrees with the
convergence analysis. The convergence speed is fastest when A = Ay = 0. Figure 1(b) shows
the change of the same gain provided that the system equation (8) has an unknown system noise

w(7) such that E(w()) =0 and \/E(w(t)*) = 0.1. The noise is used to describe uncertain
behaviour in the corresponding physical system, and the result is different from analysis. The
effect of the noise is smaller if A1 and Ay are larger, and Gy converges only if A1z = Ayx =1 in
the figure. This result demonstrates the usefulness of Hj.

6.2. Stabilization of a physical inverted pendulum

As an application to stabilizing control, the recursive algorithm was applied to the control of a
physical inverted pendulum. The system was composed of a pendulum hinged to the outer end
of a rotary arm. A motor turns the arm horizontally around the central shaft of the arm. The
friction between the arm and the pendulum was so small that the pendulum maintained standing
only by the motion of the arm.

Let 0 be the angle of the pendulum and let ¢ be the angle of the arm. The aim of this control is
to stabilize the pendulum at the vertical position (0 = 0) on a datum point (¢ = 0). This is a
single-input-double-output control problem that is unfit for direct methods of adaptive control.

The input was the motor voltage given by a zero-order holder, and the outputs were 6(¢) and
$(7) given by encoders. The input u was feedback of the state x(z) = (0(¢), 0V (2), ¢(2), ¢ (1),
u(t — A1)T where u(t — Ar) was to cope with delays in the pendulum system, and derivatives

FITTTT T T T T [ TT T T[T TTT[TTTTTTTT[H FTTTT T TT T T [TT T T [TTTT[TTTT[TTTTI[H
r ] Cod — AM=1=10 ]
02 r - }\11 - )\’2= 1.0 : 02 C E 1 2 i
L i Lot ——— M=A,=07 i
. —_—— 7\,1=)\,2=O_7 - - :: 7\‘ ;\‘ 00 -
: . 00FyH  ----- =2,=0. .
001 --——- M=A,=00 . C v ) ]
Ux -0.2 - . ox 021 “'. -
B ] C ' v
04F ] 04k | i
04r ] O i 4/‘1 ]
L ] Y INERVANYANS Vi N
0.6 7] 0.6 ::."I “.\-:/ i i Y I .
Clovoerbovvelvver e bvrra b 1] Dlovorbvvon v v berrr berra 1
00 10 20 30 40 50 60 00 10 20 30 40 50 60

(a) k (b) k

Ideal system System with a system noise

Figure 1. Gain changes of simple systems. (a) Ideal system, (b) system with a system noise.
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Table I. Parameters of algorithm.

CTC =diag 2509 0 0), D™D =0.04
Py =diag (00 0 0 0), Go=(00000)
H() = O, j'lk = 097, /12/( =0.5
At = 50 ms, Ni =20 (G changes at every 1.0 s)
5=107°, v(t): random numbers less than +1 V

LI L I FHTTTTTTT T T T T T Ty rTrTTTy
0.8F = 80 ]
0.6F LU ok ]
0.4F . T hO 3 B ]

E‘ 0.0:_J4:.I::I I'--.-l _: O : :

n J\‘,:1:::iii:‘.;‘;::i?‘v yely 't ] - A

0.2 | fi iy = 201 .
< oaf | |HE T = N ]
< F| | ] -
0.6F 1 = 00r =]
=GB ] i Gu(am) -
_0.8:I||||.I||||I||||I||||I||||I~_+ -204""|""|""||||||llll|4
00 10 20 30 40 50 00 10 20 30 40 50

(@) t[s] (b) k

Change of state Change of gain

Figure 2. Learning control of a physical pendulum system. (a) Change of the state, (b) change of the gain.

were given by backward difference approximation. The recursive algorithm was calculated
assuming that physical parameters are unknown.

The algorithm could not obtain a stabilizing gain by the Newton method (H; = 0) because
of uncertain behaviour in the physical system. The stabilization was always accomplished,
for example, under the parameters listed in Table I. The long At was to distinguish x(¢ + A¢)
from x(¢).

Figure 2(a) shows a typical experimental result of 0(¢) and ¢(¢) through the optimization
process. If one of the angles reached +0.75 rad, the calculation was automatically stopped and
it was continued after a manual reset of the state (refer to Remark 3). Since the original system
was unstable (Gy = 0), the pendulum repeatedly fell down at the beginning. The figure excludes
the periods used for manual resets. It illustrates that the pendulum fell down at about 0.7, 1.45
and 2.7 s. After that, the arm swung to boundaries at 4.05, 5.7, 7.0, 9.35, and 10.65 s. We see
that stabilization of the pendulum caused the stabilization of the arm. Finally, the angles never
reached +0.75 rad, and the system maintained inverted standing without a reset. A stabilizing
gain was obtained by data observed within 16 s (k = 16) in total. This convergence rate was
almost the average. Vibration of the arm remained because of the input noise v(¢).
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Figure 2(b) shows the corresponding change in the feedback gain. The subscribed letters on G
express the gain elements. By the way, the Riccati equation of the continuous-time model gave the
LQ gain (+21.5 + 2.68 — 3.35 — 2.09) in the model-based design. Similarly, the equation of the
discrete-time model gave (4+26.3 4+ 3.29 — 5.23 — 2.64). The inverted standing could not maintained
for these gains. It was mainly caused by neglecting friction of the motor and the gear in the model.

6.3. Steady state error-less control of a physical servo

The classical integral-type optimal servo [24, 25] was examined for data-based design because of
the simple structure. The device was a physical plant comprises three rotary disks combined with
a flexible shaft as shown in Figure 3. It is usually a sixth order system, whose state variables are
angles 6;(r) (i = 1,2, 3) and the angular velocities. The input was the current of a motor attached
to disk 1 and the output was the angle of disk 3. Figure 4 describes the pulse response 65 at t = 0
of the open-loop system. It took about 30 s to come to a standstill.

Let e(r) = C.x(t) — r = 05(¢) — r be the error of the servo system where r was a constant target
value. The integral-type optimal control is as follows. We transform the state space model as

d (XD A. 0 xD(7) B, o
= - 2
dt( e(r)) <cc 0)( () >+<0)” " 7

with the performance index

o0

Vo= e(t) + RuD(ry’
=0
by differentiating the plant equation dx(f)/dt = A.x(t) + B.u(t) where xV(¢) and u((¢) are the
derivatives. We can expect the steady state error-less operation (e(f) = C.x(f) — r — 0 under a
constant r) because the signals were derivatives in the LQ design. The usual input u(¢) for
optimization was given by integrating the above state feedback u(V(¢) with w(¢) as u(t) =
Grix() + sze(fl)(l) + V(fl)(l).

0, 0, 0,

R Y R

diskl disk 2 disk 3
Figure 3. Experimental device. ¥ = 03 (rad).
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Figure 4. Impulse response of the open-loop system. Y = 05 (rad).
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Figure 5. Optimized responses. ¥ = 65 (rad). (a) R = 25.0, (b) R =4.0, (c) R = 0.64.

The recursive algorithm used the provisional signals in (27) under the assumption that system
parameters were unknown where R was fixed individually. Three encoders gave sampled data of
the angles, and derivatives were given by backward difference approximation. The additional
signal v(7) was a difference of a random signal in order that v~"(r) may not become too large.
The target signal r was a rectangular wave, and data pairs for which r changed the value between
tand 7 + 1 were excluded from the calculation. Other parameters of the algorithm were basically
the same as Table I. Since Gy and Py, were 0 for each optimization, G; sometimes made the
system unstable, and a reset of the state was required. Thus we really obtained the optimal
control over a wide range of R.

Figure 5 illustrates experimental results of the optimized responses 65(¢) as a function of the
weight R. The signal v(f) was removed in the responses for simple understanding. The dotted
lines are the rectangular target r(r) = +1 with the period 20 s. It seems that these responses
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fulfilled the steady state position error-less operation if r is constant permanently. Approaching
level of (a) is low because of the large R. Conversely, the response in (c¢) is rapid but it contains
the high frequency overshoot. By comparing them, we see that (b) R = 4 is a good value.

7. CONCLUSION

The theoretical analysis and experimental results show that the proposed model-free approach is
simple and promising for practical controller design. The convergence analysis guarantees that
the stabilizability and detectability are sufficient even for unstable multi-input-multi-output
systems. It is desired that these results contribute to development of learning or adaptive LQ
control design. Although the study is restricted to the basic problem, various alteration may be
possible. Some modification is effective to obtain a suitable sampling period for many practical
applications.

Extension of these results to output feedback is quite interesting because the standard
observer is difficult to construct for unknown systems. Since it has been shown that we can
transform the output feedback control problem of an unknown nth-order system into a known
2nth-order state feedback problem [2] (English), the recursive algorithm seems applicable to the
output feedback control of unknown systems as well.

The theoretical derivation is mainly given for ideal linear systems. It is a future study to
compare this approach with the standard LQ design as to non-linearity, etc.
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Appendix A: Proof of Lemma 1

Refer to (11). We rewrite (1), (2) and u(t) = Gx(¢) + v(¢) as
x(t+ 1) = (4 + BGB)&(r) (A1)

c 0
2(n) = ( )5(0- (A2)
DG D

Substitute these relations, ¢ = 0, v%(0) = 0 for z* and x”(0) = 0 for z’ into (7). Refer to (Cl)
because the right-hand sides are the same except £(0)" and £(0). Then we obtain the relations of
the lemma as respective elements of the matrix because the relation holds for any x“(0) and

v2(0). ]
Appendix B: Proof of Theorem 1

Though (6) implies Theorem 1, we prove it from the algebraic Riccati equation. Under
Assumption 1, it is well known that there exists the LQ optimal control with the gain G if and
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only if P>0 satisfies the algebraic Riccati equation and the gain equation. They are obtained by
replacing Py, and P, with P and Gj with G, respectively, in (19) and (20). Since we use the
latter to rewrite the last term of the former as ATPBG + GTBTPA + GT(BTPB + D'D)G, we
rewrite the former as

P = (4+ BG)"P(4+ BG)+ C'C+ G'D"DG. (B1)
Multiply both sides by x%(0)' from the left and by x%(0) from the right. Substitute
(4 + BG)x*(0) = x“(1) and (CT GTDT)Tx%(0) = z%(0), and refer to (7). Then, the multiplied
(B1) agrees with the first equality of the theorem.

Multiply both sides of the gain equation by (BT PB + DT D), and transpose the right-hand side
to the left. Then we can rewrite it as

B'P(4+ BG)+ D'DG = 0. (B2)

Multiply this equation by v*(0)" from the left-hand side and by x%(0) from the right-hand side.
Refer to the definition of z’(¢). Then, the multiplied (B2) agrees with the second equality of the
theorem.

In other words, the equalities of Theorem 1 are equivalent to the algebraic Riccati equation
and the gain equation. O

Appendix C: Proof of Lemma 2

Assumption 2 implies Lemma 1. Using Lemma 1, we see that
<(A + BGy)'

r =
BT

ct GIpTt cC 0
+ . (C1)
0 DT DG, D

Multiply both sides by £(1)é(7)" from the left and by &(s)é(s)" from the right. Substitute (A1) and
(A2). Then we have

> Pi(A + BGy B)

EDED TES)ES)T = E0{z() =(s)
+ x(14+ DT Pex(s + 1)} E(s)T. (C2)

Add both sides with respect to ¢ and s. Then E; offsets the sum of &1 in the left-hand side.
We obtain the lemma because the left-hand side agrees with I'; by neglecting the small terms
with 0. O

Appendix D: Proof of Corollary 1

Let Hy = 0. Note the relation T = ATP B + GIT%. Take
Gip1 = G = () ' (B' PeA + TGy (D)

Pt = T3 — (ATP B+ GIT)(X)) (BT P A+ TGy (D2)
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from the §econd equalities of (13) and (14). Referring to Lemma 1, we can cancel all G, by some
terms in 1, etc. We thus obtain the equations of the corollary. O

Appendix E: Proof of Theorem 3

The basic idea of the following is in common with [22,23] as mentioned in Remark 6 by
replacing the system equation with the Riccati-like equation.

We rewrite (13) and (14) in terms of Gj.; as follows. Since Assumption 2 implies (C1),
substitute (C1) and Gy = Gx,1 — AGy into the first equalities of them. Multiply both sides of the
latter by (BT P B + DD + H). Then we can cancel all AG, except HyAGy of the latter, and we
obtain,

Pii1 = (A + BGyy1) Pi(A + BGiy)

+ C'C+ G, D" DGy, (El)
HiAG, = —{B"Pi(4 + BGi11) + D' DGy} (E2)

Now, define the error terms Py = P, — P* and Gy = Gy — G*. Since (B1) and (B2) are
equivalent to the algebraic Riccati equation, we can rewrite P as P* and G as G* in them.
Consider the difference between (E1) and the rewritten (B1) and the difference between (E2) and
rewritten (B2). Let 4* = 4 4+ BG*. Substitute 4 + BG;; = A* + BG., into the differences. We
thus obtain the error equation

ﬁk—o—l = AT P A* + gkék+l + (?ngg + G~E+1th~k+1
= (A* + BGj1) " Pr(A* + BGyy)
+ CN?ZH}Z*GNHI (E3)

HAGy = —gf — Gt (E4)
where
g = ATP,B+ G*D"D = A*TP B
hy = BYPyB+ DD = BYP;B + h*,
h* = BTP*B+ D'D.

We prove the convergence by using a Lyapunov function. Since (4*)" is a stable matrix under
Assumption 1, there exist two regular matrices M and N such that the matrix Lyapunov
equation

MM AT — MMT = —NNT (ES)
holds. Define
Ji = tr{M T (Py + GT HG )M} (E6)
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We know that J; is non-negative. Then change of J; is given by
Jist = T =tr{M " (Prsy — Py
+ AGLHGry1 + G, HiAGy
+ G (His1 — H)Gri1 — AGLHAG)M ) (E7)

by substituting Gy = Gx;; — AGy. Substitute (E3) and (E4) into (E7) except the last term. We
can cancel non-symmetric terms g;Gy; and Gk 184 as

i1 — Je =tr{M(A*T P A* — P )M}
— tr{M (G, (hx — Hps1 + Hi)Gry
+ AGHAG)M}. (E8)
Since (15) and (16) mean Ay — Hyyy + Hy >0, it follows that
iyt — S <tr{M Y (A*T P, A* — P )M }. (E9)

Using the commutativity of matrices in the trace, we can rewrite the right-hand side as
tr{(A*MMTA*T — MMT)P,}. Then (ES5) implies

i1 — Je < — tr(NTPN). (E10)

At this point, we first prove the theorem under the assumption that Py> P* that is Py=>0.
Then, the second equality of (E3) guarantees that P, >0 for any k = 0, 1,2, . ... Therefore, (E10)
shows that J; is monotone non-increasing. In addition, J; is non-negative. As is known
according to Weierstrass’s theorem, the bounded monotone sequence J; converges at a certain
value. Then, Ji.; — Jx — 0 and P, — 0 because N is regular. This convergence implies that
GNE N lh*G~k+1 — 01in (E3). From the observability of Assumption 1, we can conclude that G, — 0,
namely G, — G*.

Next is the study of the convergence without the assumption that P> P*. Necessity of this
case distinguishes this problem from the usual adaptive control. Let Pf be the solution of the
standard Riccati difference equation with the initial condition P§ = 0. Let P{ = P — P*. Let

o0
Lo=—)  t(NTPIN). (E11)

i=k

Let 27 denote each elgeanlue of A*. Since the standard solution P# converges at P*
exponentlally with O(max; |)t*| ) [26], the infinite series in (E11) has the sum.
Since Ji is not a Lyapunov function yet, we use

ijJk-f—Ck (E12)

instead of Ji. Then, { | — {, = tr(NTf’fN). By substituting these relations and (E10), it follows
that

Jir1 — Jx < — tr{NY(Py — P))N}. (E13)

From the definition, 13, is the minimum of P, for any possible control and for any Py>0.
Therefore, Pk—Pk>0 Since J; is bounded below, (E13) plays the same role as (E10).
Consequently, J; converges, Jk+1 —Jiy > 0and P, — Pk — 0. Then, P, — 0 because P# - 0.
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The rest of this proof is the same as the case P> P*. Finally, we can conclude that Gy — 0
without the assumption that Py > P*. O

Appendix F: Calculation of I';

Let ¢ € Ty. Define parameters at each ¢ as

Yo = > 20" (F1)

t<t—1nteTy

Y= Y Pux(t+ DED)T (F2)

t<t—1nteTy

-1
E(n:{ > é(r)é(r)T+51} (F3)

t<t—1nteTy

@(z){ > Y i) (o)

1<t—1n1eT) o<t—1noeT}

+x(t + DT Pex(o + D)} + 8 Tho, (F4)
I'(1) = E()O()E(7). (F5)

Note that ©(7) = Z(¢) 'T(HE() " and E() ' = 2(t + 1)"' — &@1)&(1)". Thus, we have
Ot + 1) = O(1) + AB(1) (F6)

where
O =Z(t+ 1) 'T(OE(1 + 1)
— OEO TR+ 1) = B+ D) 'T0E0Em”
+ D& TOEDED" (F7)
AO(1) = E(D){z() "W (1) + x(r + DT Y(1)}
+ (PO 2(0) + Y() ' x(t + D3
+ EO{z(D)"2(0) + x(t + 1) Pex(t + D)D) (F8)

Their definitions give (21), (22), (23) and (26). The matrix inversion lemma [27] gives (24).
Multiply (F6) by E(7 + 1) from both sides and substitute (F7) and(F8). Considering the relation
between O(¢) and I'(7) , we have (25) and (26). O.
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